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REAL ALGEBRAIC ACTIONS ON PROJECTIVE SPACES -A SURVEY
by Ted PETRIE 0. Introduction.
Briefly the subject of this paper is the study of compact subgroups of the group of diffeomorphisms of a smooth manifold. My main objective is to provide an excursion through some new ideas of a particular aspect of the subject. The two main questions delt with here are :
(1) Does a given smooth manifold admit a smooth action of a given compact Lie Group?
(2) If a given group does act on a smooth manifold, how can we construct new actions on the manifold starting from the given action?
The central question which must be answered for dealing with these two questions is : (3) What are the relations among the representations of the group on the tangent spaces at the points fixed by the group and the global invariants of the manifold eg its Pontrjagin classes and its cohomology?
Let me give two examples of the third question:
Example 1. -Global assumption: X is a smooth closed manifold with H^X, Q) === H^S 211 , Q). Suppose that our compact group G acts on X with just 2 fixed points p and q and assume that the action is free outside p and q. Example 2. -Global Assumption: X is a closed manifold having the same cohomology ring as complex projective n space. Suppose S 1 acts on X and the fixed point set consists of isolated points. Then the collection of representations of S 1 on the tangent space at the carious fixed points determine all the Pontrjagin classes of X [4] .
See § 3 for applications of this result to the study of Question 1. In particular see the consequence Corollary 3.3.
For dealing with Question 2, we introduce a set Se(M) associated to the G manifold M. Roughly Sc(M) consists of those smooth G manifolds admitting a G map to M which induces a homotopy equivalence from the underlying manifold to the manifold underlying M but which itself is not ,a G homotopy equivalence. Briefly SG(M) consists of the distinct G homotopy types which resemble M.
The construction of non trivial elements in SM(M) is also intimately related to Question 3. In Example 2.9 and in the discussion of Theorem 4.6, we show how the representations of G on the tangent spaces at the fixed points are related to the construction of non trivial elements in So(M).
Section 2 is devoted to motivating the techniques of constructing elements of SG(M). Section 3 gives a summary of properties of S 1 and two actions on manifolds homotopy equivalent to complex projective n-space. In particular we give relations among the representations of S 1 on the tangent space at the various isolated fixed points in the spirit oi Question 3. (see Theorem 3.4). In conclusion we present the example of Theorem 4.6 which constructs an element in Ss«(P(^)) and shows that the relations provided by Theorem 3.4 can be realized.
I wish to thank our hosts especially Professors Godbillon and Cerf for the splendid hpspitality and administration. I found this conference extremely stimulating and expect that much significant research will be generated by the participants because of this stimulation.
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Statement of objective. :
Throughout this paper G will be a compact connected Lie Group. We fix notation:
(1) D (resp. D°) denotes the catagory of smooth manifolds and smooth maps (resp. compact smooth manifolds and smooth maps). , (2) DG (resp. Do) is the catagory of smooth G manifolds (resp. compact smooth G manifolds) and smooth G maps. An object M 6 Do (resp. Do) consists of a smooth manifold JM| e D (resp. I) 0 ) together with a faithful representation ., .
• The question as it stands is much too general for study. Experience indicates that the following is a fruitful modification of Question 1.1:
. . Having settled on Question 1.2 for study, we consider the following setting. If we can describe the set Sc(M), we obtain information about which manifolds homotopy equivalent to |M| admit G actions as well as a description of new G actions on |M|. On-the-other hand when G acts on |M[ with non trivial isotropy groups, the set So(M) can be non trivial and quite interesting. In fact when G == S 
Motivation and discussion of constructive techniques.
For the purpose of motivation, let me recall a relevant situation in D 6 . If X' ^ X, then X' is obtained from X as follows : there is a stable vector bundle S over X of fiber dim k for some large integer k and a map ( from the total space of S? E(S), to R* with these properties :
(1) ( is proper.
(2) t + 0 i.e. ( is transverse regular to 0 e R^.
(3) t restricted to each fibre of ^ has degree 1. Moreover, X' = r^O) and the map of X' to X defined by inclusion of X' in E($) followed by projection on X is a homotopy equivalence.
In analogy with the above discussion, we might try to construct elements [M', f] e So(M) for M e Do like this : Let A be a real representation of G i.e. A is a real vector space [A[ = R/ for some I together with a representation of G in 0(Z) (orthogonal group.) We seek a stable G vector bundle Y) over M whose fiber dimension is I and a map (: E(T)) -> A in DG such that (1') \t\ is proper
Under these conditions r-^O) == M' e Do and if we're lucky, the map f defined as the composition M' <= E (•/)) -> M has the property that \f\ is a homotopy equivalence. Then [M', f] e SG(M).T here are quite interesting difficulties involved in carrying out this procedure. Sometimes it's possible and sometimes not. The three hypothesis on the map ( e DG (I'), (2') and (3') impose stringent relations among Y), A and the representations TMp of G on the tangent space of M at p for every fixed point p in M, Since it is easy to illustrate these relations, we do so. The appropriate tool to use is the functor KG, equivariant complex K theory.
To simplify the discussion, we assume that T] is a complex G vector bundle over M and A is a complex representation of G such that i A°= {aeA|Ga = a} = 0.
Then we have this commutative diagramm:
ere r^p is the fiber of Y] over p e M°, A is naturally H G vector bundle over p, /p is the inclusion and ip and iâ re the zero sections of these G bundles over trivial G space consisting of p.
Let us recall one of the basic facts of KG theory [3] . Let X be a compact G space and N a complex vector bundle over X. Then there is an element XN e K^(N) which generates K^(N) as a free module over K£(X). Moreover if i is the zero section of N we have
i^ = X^(N) == S(-l^N).
Here ^(N) is the i th exterior power of N.
We can now exploit the hypothesis (1') and (2') for (. Since tp == tjp is proper there is an induced homomorphism :K£(A)-^K£(^). Since G is a connected Lie Group, R(G) is an integral domain [3] . Thus
a, = ^i(A)/X_i(^) e R(G).
for p e M°. 2.4
•Note dp == X_i(A)/X_i(7)p) e R(G). Viewing R(G) as the character ring of G, we can regard a? as a complex valued function on G, say g -> Op{g) for g G G. In particular, we can evaluate a? at 1 e G. Let E : KG -> K denote the forgetful functor from equivariant K theory to ordinary K theory. Then ap(l)=E(a?).
On the other hand, a? is defined by the equation Here X_i(A)(g) denotes the value of the character X_i(A) at geG. We record these facts in the PROPOSITION 2.6. -Let M e Do, n a complex G sector bundle over M of complex fiber dimension k. Let K be a complex k dimensional representation of G with A° == 0.
Suppose there is a map t: E(v]) -> A in Do such that \t\ is proper and has degree 1 on each fiber of Y]. Then (A)/X^('7]p) == a? e R(G)
for all p e M° (1) ap(l)=l.
We can also draw a useful conclusion from the hypothesis that (e DQ and |(| +0. In this example we can't regard the construction as giving anything new since the S 1 action on S^ © ( g ) comes from a representation of S 1 and is among our list of well understood S 1 manifolds. However, we shall see later that by changing the representations {TMp|p e M°} we can sometimes produce from M in DG interesting new G manifolds.
The central example P(Q) -a survey.
We now come to the example which is the central point of the study. Let P^""^) denote the space of complex lines in C^1 i.e. complex projective n space. Let PGL(n + 1, C) denote the projective linear group and observe that PGL(n+l, C) is a subgroup of Diff (P^" 4 " 1 )); hence, any representation a: G -> PGL(n + 1, C) defines an action on P(C 7l+l ) and gives a manifold P(Q)€DG with |P(^)| == P^^).
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We are interested in the set SG(P(^)). Since much can be said about the more general situation where we have M e DG with |M| ~ P(C n 1• l ) without assuming some map f: M -> P(Q) with 1 f[: |M| -> |P(Q)| = P(C^) a homotopy equivalence, we describe the results for this situation.
The fundamental fact is this. Actually to make sense of (i), one needs to choose a complex representation of S 1 whose underlying real representation is TMp. Then X_i(TMp) e R(S 1 ), the complex representation ring of S 1 . This involves a choice; so a? is only well defined up to multiplication by ± t^p for some integer N .
The unusual relations given by (i) and (ii) are extremely difficult to achieve without a^= ± t^" for all x Eg. the case M == P(t2). Let us discuss some invariants for distinguishing elements of SG(M) for M e D^. Denote by CQ the catagory of R(G) algebras which are closed under the exterior power operations {X'ji ==0, 1, ...}. A morphism is an algebra morphism compatible with the X Actually the theorem stated in [4] is much stronger. The assumption of a map f: M ->-P(0) is irrelevant. One can manufacture a map /**: A ->• F without assuming that it arises geometrically. < Remark. -The assumption that m be a prime power is necessary. The fact that it is false tor composite m leads to the existence of non trivial elements in Ss<(P(^)).
Realizing elements in Sgi(P(t2)).
Let us now use the geometric discussion of § 2 to construct non trivial elements in Ss<(P(n)) and illustrate the properties of the preceeding section.
Let T] be the S 1 bundle over P(t2) whose total space is P(Q) X f\Q ('/)o is the representation ^ © ^ of §2). For simplicity we assume P^D) 81 consists of isolated points.
